ON THE RELAXATION OF VARIATIONAL INTEGRALS IN 
METRIC SOBOLEV SPACES 
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Abstract. We give an extension of the theory of relaxation of variational 
integrals in classical Sobolev spaces to the setting of metric Sobolev spaces. 
More precisely, we establish a general framework to deal with the problem of 
finding an integral representation for "relaxed" variational functionals of vari- 
ational integrals of the calculus of variations in the setting of metric measure 
spaces. We prove integral representations theorems, both in the convex and 
non-convex case, which extend and complete previous results in the setting of 
euclidcan measure spaces to the setting of metric measure spaces. 



1. Introduction 

Let {X, d, n) be a metric measure space, where {X, d) is a separable and compact 
metric space and /j, is a positive Radon measure on X. Let p s]l,oo[ be a real 
number and let {L x } be a field of Caratheodory integrands over X (see the be- 
gining of §2.2 for more details) assumed to be both p-coercive, see (|2.8[) . and of 
p-polynomial growth, see (|2.9I) . Let m > 1 be an integer and let O(X) be the 
class of all open subsets of X. In this paper, we are concerned with the prob- 
lem of finding an integral representation for the "relaxed" variational functional 
E : W^ p (X;« m ) x 0{X) -» [0, oo] given by 

E(u; A) := inf j lim f L x (Vu n (x))dfi(x) : A(X; R m ) 3 u n ->• u in (X; R m ) 

where A(X;W n ) := [A(X)] m , with A(X) a subalgebra of the algebra of all contin- 
uous functions from X to R, which contains the constants and enough cut-off func- 
tions (see the begining of §2.1 for more details), and the operator V, from A(X; R m ) 
to L™(X;R N ) with N > 1 an integer, is a gradient over A(X; R™ 1 ), see flZ3]). For 
example, A(X) can be the algebra of all restrictions to the closure of a bounded 
open subset of R^ of C 1 -functions from M. N to R or, more generally, the algebra 
of all Lipschitz functions from X to R (see Remark |2.1|) . The (/i,p)-Sobolev space 
W^ ,p (X;W n ) with respect to the metric measure space (X,d,ii) is defined as the 
completion of A(X; R m ) with respect to the norm ||w||iP(x;K™) + || L p (X;M mxJV )> 
where M mxN is the space of all m x N matrices and V M , called the /i-gradient, is 
obtained from V by projection over a suitable "normal space" to [i (see §2.1 for 
more details). 

The present paper is a first attempt to establish a general framework to deal with 
the problem of representing E in the setting of metric measure spaces. More pre- 
cisely, we find under which conditions the "relaxed" variational functional E has 
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an integral representation of the form 

(1.1) E(u;A) = / L X {V p u{x))d^(x) 

J A 

for all u G W^ p (X;R m ) and all A G O(X) with L x : T™{x) -> [0,oo], where 
T™(a;) is the m-tangent space to ^ at a:, i.e., M mxN = T™(x) ©- 1 N™{x) with 
N™(x) being the m-normal space to fi at x mentioned above. We also find a 
representation formula for L x . 

In the setting of euclidean measure spaces, such representation problems was stud- 
ied, in the one hand, in the convex case in |BBS97l |A"HM03[ ICF%)3l IAHM04j , and, 
on the other hand, in the non-convex case in jManOOl IMan05j when fj, is a "super- 
ficial" measure restricted to a smooth manifold. Note also that the study of the 
lower semicontinuity of variational integrals of type (jl.ljl was treated in |Fra03] (see 
also |Moc05j ). In the present paper we prove the following two main integral rep- 
resentation results which extend and complete these previous works to the setting 
of metric measure spaces both in the convex and non-convex case. 
Firstly, in the convex case, i.e., when the functions L x : T™(x) —¥ [0, oo] given by 

L x (0 := inf L x (£ + 

are convex, we prove that holds with L x — L x (see Theorem 12. 13j) . Secondly, 
in the non-convex case, i.e., when the functions L x are not necessarily convex, we 
prove, under suitable conditions on the metric measure space (X, d, fj,) and the 
( M ,p)-Sobolev space W**(X;W*), see (C ), (Ci), (C 2 ), (C 3 ), (Ax), (A 2 ) and (A 3 ) 
in §2.2.2, that (jl.lj) holds with L x = Q p L x , where Q^Lx : T™(x) -> [0, oo] is given 

by 

QMO := lim inf J / L y (£ + V p w(y))df,(y) : w G W^Q^x); W m ) I , 

[J Q p (x) J 

where Wj$(Q p (x); M m ) := {w G W^ p {X;W n ) : w = in X \ Q p (x)} and Q p (x) is 
the open ball centered at x G X with radius p > (see Theorem I2.20[) . According 
to the classical theory of relaxation, we can say that this formula plays the role 
of the classical Dacorogna's quasiconvexification formula in the euclidean Lebesgue 
setting (see |Dac08) for more details). It is then natural to call {Q^L X } the /z- 
quasiconvexification (or the quasiconvexification with respect to /i) of {L x }. 

The plan of the paper is as follows. In §2.1, Sobolev spaces with respect to a metric 
measure space are introduced by using the notion of "normal and tangent space" 
to a measure a s developped in |BBS971 §2], [AHM031 §7] and |Man05[ §2] (see also 
Zhi96, ZhiOO ) in the setting of euclidean measure spaces. In §2.2, we state the 
main results of the paper, i.e., Theorem 12.131 in §2.2.1 for the convex case and 
Theorems I2.15[ 12.181 and 12.201 in §2.2.2 for the non-convex case. In Section 3, we 
recall two results, i.e., an interchange theorem of infimum and integral, see Theorem 
13.51 and De Giorgi-Letta's lemma, see Lemma 13^1 that we use in Section 4 to prove 
the main results of the paper. The interchange theorem is the principal ingredient 
in the proof of Proposition 12.101 in §4.1, which is used, in the one hand, to prove 
Theorem l2.13l in §4.2, and, in the other hand, to establish, together with De Giorgi's 
slicing method, a more useful "relaxed" formula for the variational functional E, 
see Lemma 14.81 (see also Lemma l4.5j) . De Giorgi-Letta's lemma combined with 
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De Giorgi's slicing method are the essential tools in the proof of Theorem 12.151 in 
§4.3. Theorem 12. 201 is established in §4.5 by using again De Giorgi's slicing method 
together with Theorem 12.181 whose proof, given in §4.4, is adapted from 3FM98, 
Lemmas 3.3 and 3.5] and uses Lemma \A. 81 and Theorem 12. 151 

Some basic notation. The open and closed balls centered at x G X with radius 
p > are denoted by: 

• Q P {x) ■■= (y e X : d(x,y) < pX; 

• Q p (x) := E X : d(x,y) < p}. 
For x G X and p > we set 

dQ p {x) := Q p (x) \ Q P (x) = \y € X : d(x,y) = pj. 

For A C X and e > we set: 

• A~(e) := | a; G X : dmt(x,A) < sX; 

• A+(e) := | a; e X : dist(a;,A) > e}, 
where distfx, A) := inf d(x,a). 

2. Main results 

2.1. Sobolev spaces with respect to a metric measure space. Let (X, d) be 

a separable and compact metric space and let p be a positive Radon measure on 
X. Let C(X) be the algebra of all continuous functions from X to K and let A(X) 
be a subalgebra of C(X) such that 1 G A(X). We assume that A{X) satisfies the 
Uryshon property, i.e., for every K C V C X with K compact and V open, there 
exists ip G A(X) such that <p(x) G [0, 1] for all x G X , (f(x) — for all x G X \ V 
and <p(x) — 1 for all x G K . Such a function <p G ^4(-X") is called a Uryshon function 
for the pair (X\V,K). 

Remark 2.1. For (X,d) = (f2, | • — • |) where fi is a bounded open subset of M. N 
and | • | is the norm in M. N , the set C 1 (ll) (of all restrictions to of C 1 -functions 
from M. N to K with compact support) is a subalgebra of C(f2) which contains 1 
and satisfies the Uryshon property. More generally, the set Lip(X) of all Lipschitz 
functions from X to 1 is a subalgebra of C(X) containing 1 and verifying the 
Uryshon property. 

Denote the class of all subsets K of X such that either K = A l (e), with A an 
open subset of X, e > and i G {— , +}, or K = Q (x), with x G X, p > and 
p{dQ p {x)) = 0, by K{X). Let N > 1 be an integer and let D : A{X) -> L~(X;R Ar ) 
be a linear operator such that: 

(2.1) £>(/<?) = fDg + gDf for all /, g G ^l(X); 

(2.2) for every / G A(X), every K G /C(X) and every c G M, 

if f(x) = c for all x G K then Df(x) = for /i-a.a. x <E K. 

Let m > 1 be an integer, let M mxJV be the space of all real m x N matrices, 
let A(X;R m ) := [^(X)] m and let V : A(X;R m ) -> L p x '{X;M mxN ) be the linear 
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operator given by 

/ D Ul \ 

Vit := '■ with u — • • • , u m ). 

\ Du m ) 

Taking (|2.1j) into account it is easy to see that 

(2.3) V(/«) = fVu + Df®u for all u G A{X; R m ) and all / e A(X). 
(Note that V = D when m = 1.) For each u G A(X; M m ), set 

(2.4) A% := \v G A{X;R m ) : v{x) = u{x) for all x £ supp(/i)j, 

where supp(/i) denotes the support of the measure /i, i.e., supp(/i) is the smallest 
closed set F C X such that /.i(X \ F) = 0, and consider W£ defined by 

H™ := {w e L™{X;M mxN ) : w(x) = Vv(x) for /i-a.a. x G X with v G „4™}. 

(Note that A™ = [Ai] m and H™ = [Ht] m .) Noticing that (which corresponds 
to H™ with u — 0) is a linear subspace of L^ D (X; M mxAr ), for /i-a.e. x 6 X, we 
introduce iV™(z) C M mxN given by 

A^) := {w(x) : W e Wg*}. 

Remark 2.2. In fact, N™(x) = {\7v(x) : v G A™} for /x-a.a. a; G A, where 
A™ corresponds to A™ with u = 0. The sets will be useful in the proof of 
Proposition 12 . 101 in §4.1. 

Then, for /i-a.e. x G X, N™(x) is a linear subspace of M mxAr that we call the 
m- normal space to \i at x. For /i-a.e. x G X, the linear subspace T™(x) of M mxAr 
given by M mxJV = T™(x) ©- 1 NJf l (x) is called the m-tangent space to /i at x and the 
orthogonal projection on T™(x) is denoted by PJ?(x) : M mxJV -» TJ?(x). (Note 
that 2V™(x) = [N^x)]" 1 and T™(x) = [T£(a;)] ro .) Taking (23]) and (gH) into 
account we see that the linear operator V M : ^(X;R m ) -> L~(X;M mxJV ) defined, 
for /x-a.e. i 6 1, by 

V M it(x) := i^*(x)(V«(x)) = : with it = • • • ,u m ) 

V p^)(^ m (x)) / 

satisfies the following properties: 

(2.5) V M (fu) = fV^u + D^f ® u for all u G ,4(X ; R m ) and all / G A{X); 

(2.6) for every / G A(X), every K G /C(X) and every cgl, 

if f{x) = c for all x G if then D^f(x) = for /i-a.a. x E K, 

where -D^/ corresponds to V^/ with m = 1. Moreover, we have 

Lemma 2.3. The linear operator V p is compatible with the equality fi-a.e., i.e., 

(2.7) if u & A{X;R m ) and if v G A™ then V ^u(x) = V„v(x) for fi-a.a. x EX. 
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Proof. If u € A(X;R m ) and if v £ A™ then, for /i-a.e. x £ A, V(u - v)(x) £ 
A™(x) and so P™(x)(V{u-v)(x)) = 0. Noticing that Vu = Vv+V(w-u) it follows 
that PJ?(x)(Vu(x)) = PJ?(x)(Vv(x)) for /t-a.a. x € X, i.e., V (U u(a;) = V M w(x) for 
/t-a.a. x £ X. ■ 

Let 1 < p < oo be a real number. The (/x,p)-Sobolev space W^' P (A; M m ) with 
respect to the metric measure space X — (X, d, /t) is defined as the completion of 
A(X;R m ) with respect to the norm 

W U Ww^ p (X-R m ) := IMI-L^A^R™) + \\'^^ u \\Lf l (X;U mxN )- 

Since || V Al it|| i P(x;M m >< JV ) < IMIiv 1,p (x-R m ) f° r an u e A(X;M. m ) the linear map V M 
from A(X;R m ) to £^(A; M mxAr ) has a unique extension to W^' p {X;R m ) which 
will still be denoted by V M and will be called the /i-gradient. 

Remark 2.4. When X is the closure of a bounded open subset f2 of K w and /i is the 
Lebesgue measure on f2, we retreive the (classical) Sobolev spaces W ' p (Q;M m ). If 
X is a compact manifold M and if /i is the superficial measure on M, we obtain 
the (classical) Sobolev spaces W 1,P {M] W n ) on the compact manifold M. For more 
details on the various possible extensions of the classical theory of the Sobolev 
spaces to the setting of metric measure spaces, we refer to HeiQ7] §10-14] (see also 

HI). 

Remark 2.5 (generalization of Lemma l2~3j) . Given A £ O(X) set: 

• Aq 1 (A) := jv £ A(X;R m ) : v(x) = for all x £ supp(/x) n a}; 

• N™(x,A) := |Vu(x) : u £ A£ l (A)j f «r /t-a.a. x £ A. 
The following makes clear the link between N™(x) and N™(x, A). 
Lemma 2.6. N™(x,A) = N™(x) for fi-a.a. x £ A. 

Proof. As Ul l C we have N^x) C A^(x,A) for /t-a.a. x £ A On the 

other hand, let £ £ NJ?(x,A). Then £ = Vu(x) with v £ A^(A). As A is open 
we have Q p (x) c A for some p > 0. As -4(A) satisfies the Uryshon property, there 
exists a Uryshon function <p £ A(A) for the pair (A\ A, Q Jx)). Set v :— (pv. Then 
v £ A™ because ^(y) = for all y £ X\ A and «(y) = for all y £ supp(/i)nA. On 
the other hand, using (12.31) we see that Vw = Dip<E>v + ipVv, and so ViJ(x) = Vv(x) 
since ip(x) = 1 and u(x) = 0. It follows that £ £ NJJ l (x). ■ 

The following lemma, which generalizes Lemma 12.31 is a consequence of Lemma 

cm 

Lemma 2.7. If V £ A(X;W n ) is such that v(x) = for all x £ supp(/i) n A, then 
V M z;(x) = for fi-a.a. x £ A. 

Proof. If v £ A(A;R m ) is such that = for all x £ supp(^) n A, then 

v £ A™(A), and so, for /t-a.e. x £ A, Vv(x) £ N™(x, A). But, by Lemma EH 
N™(x,A) = N™(x) for /i-a.a. x £ A, which means that Vv(x) £ N™(x) for /i-a.a. 
x £ A. It follows that P™(Vv(x)) = for /i-a.a. x £ A, i.e., V M i>(x) = for /i-a.a. 
x £ A. ■ 
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2.2. Integral representation theorems. Let p £]l,oo[ be a real number and 
let {L x } be a field of Caratheodory integrands over X, i.e., to /i-a.e. x G X 
there corresponds a continuous function L x : M. mxN [0, oo] so that the function 
x i y L x (£) is /^-measurable for all £ G M. mxN . We assume that {L x } is p-coercive, 
i.e., there exists C > such that 

(2.8) L X (C) > C\£\ p for all £ G M mxJV and /i-a.a. x G X, 
and of p-polynomial growth, i.e., there exists c > such that 

(2.9) L x (0 < c(l + (CD for all $ G M mxAr and /i-a.a. x e X. 

Let 0(X) be the class of all open subsets of X, let E : A(X; R m ) x 0(X) -> [0, oo] 
be the variational integral defined by 

E(u;A) := / L x (Vu(x))dfi(x) 

J A 

and let E : W^ p (X;R m ) x 0(X) -> [0,oo] be the "relaxed" variational functional 
of the variational integral i£ with respect to the strong convergence in L P (X; M m ), 
i.e., 

E(u; A) := inf { lim E(u n ; A) : A(X; R m ) 3 u n ^ u in L P (X; R m ) 1 . 

Note that the variational integral E is in general not "local", i.e., u(x) = v(x) for 
/i-a.a. x G X does not imply -E(u; A) = E(v;A) for all A G O(X). However, as it 
is stated in the following proposition, the variational functional E can be rewritten 
as the "relaxed" variational functional of a "local" variational integral depending 
on the /i-gradient. Let E : A(X; R m ) x 0{X) -> [0, oo] be defined by 

E(u;A) := / L X (V M u(x))dfi(x) 

J A 

where, for /i-a.e. x G X, L x : TJJ l (x) — > [0, oo] is given by 

L x (0 := inf + 

Remark 2.8. It is easy to see that, in the one hand, if {i^} is p-coercive then also 
is {L x }, i.e., 

ix(0 > C|C| P for all f G T™0) and /i-a.a. i£l 

with C > given by (|2.8p . and, on the other hand, if {i^} is of p-polynomial 
growth then also is {L x }, i.e., 

L x (0 < c(l + |£| p ) for all f G T™(x) and /i-a.a. a; G X 

with c> given by ([23)1 . 

Remark 2.9. If L x is continuous for /i-a.a. x G A and if (|2.8I) holds, i.e., is 
p-coercive, then is continuous for p-a.a. x G X. Indeed, let £ G T™(x) and 
let C T™(x) be such that |& — £| — > 0. As is continuous and, for every 

C G N?(x), < L x {ii + C) for aU i > 1 we have lim^ £ x (&) < £*(£ + 

for all C G N™(x), and so lim^oo L x (£i) < L x (£). On the other hand, there is no 
loss of generality in assuming that lim. . L x (£i) — lim^oo L x (£i) < oo. Consider 
{Cih C N?(x) such that L x (&) < L x (6 + &) < L a (&) + \ for all i > 1. As 
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holds we see that the sequence is bounded, and so (up to a subsequence) we 
can assert that there exists C € N™(x) such that \Q — CI -4 0. From the continuity 
of L x we deduce that lim ; - ^ £ x (&) = L x (£_ + C) > L x (£), and the result follows. 

Proposition 2.10. If $Tty fto/rfs i/ien 

A) := inf { lim A) : A(X; M m ) 9 m„ -4 u in I%(X; W n ) 

[n— too 

for all u G W^' p (X;R m ) and all A G O(X). 

Remark 2.11. Taking (|2.7I) into account it is easy to see that the variational integral 
E is "local", i.e., if u(x) = v(x) for /i-a.a. x G X then E(u;A) = E(v;A) for all 
A G O(X). Thus, the variational functional £ : W*> p (X;R m ) x 0{X) -4 [0,oo] 
given by 

(2.10) £{ U] A):=\^ A ) 

I oo otherwise 

is well defined with respect to the equality /i-a.e.. We can then rephrase Proposition 
I2.10l as follows: the variational functional E is the variational lower semicontinuous 
envelope of £ with respect to the strong convergence in L^(X;R m ). 

Remark 2.12. The (fi, p)-Sobolev space W^' p (X;R m ) is reflexive whenever p G 
]l,oo[. Indeed, the linear operator 8 : W^ p (X;R m ) -4 L p {X; R m ) x LP^X; M mxN ) 
defined by Q(u) := (it, V^w) is an isometry, hence Q(W^' P (X; R m )) is a closed linear 
subspaceof L p (X;R m )xLP^(X;M mxN ). For p > 1 the product space L P (X; R m ) x 
L P (X; M mxN ) is reflexive, and so is Q{W^ P {X- W 1 )). 

2.2.1. The convex case. The following theorem gives, under (|2.8j) and ()2.9|) . an 
integral representation of the "relaxed" variational functional E in the reflexive 
and convex case. 

Theorem 2.13. If (12. 8|) and (|2.9|) hold and if L x is convex for /i- a. a. x G X, then 

E(u;A)= / L x (Vf,u(x))dn(x) 
J A 

for all u G W*' p (X;R m ) and all A G 0{X). 

Remark 2.14. If L x is convex for /i-a.a. x E X then also is L x for /z-a.a. x G X. 
Indeed, let a e]Q, 1[ and let £,£ G T™(x) and consider {Ci}i,{6}i C N™(x) such 
that L x (£) = lim^oo L x (£ + ft) and L x (£) = lim^oo L K (£ + Q). Fix any i > 1. 
As a& + (1 - a)Q G JVJ»(x) we have + (1 - a)U < + (1 - a)| + 

aC, + (1 - a)Ci) = + CO + (1 - a)(| + 6))- Hence L x « + (1 - a)f) < 

aix(C + CO + (1 — a)i^(C + CO f° r all i > 1 because L x is convex, and the result 
follows by letting i — »■ oo. 

However, the converse implication is not true. Indeed, if for /x-a.e. a; G X, L x : 
M mxN _^ [ Q) is of the form 

L x (0 =L 1 (P^(x)(0) +L 2 (£-P™(x)(0), 

with Li,L2 : M mx -4 [0, oo] such that L\ is convex and L 2 is not convex, then 
both L x is not convex and L x : T™(x) -4 [0, oo] is convex. 
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2.2.2. The non-convex case. In the non-convex case, i.e., when the functions L, 
are not necessarily convex, the following theorem asserts that under Q2.8jl and ([2.9 
the variational functional E has always a "general" integral representation. 

Theorem 2.15. // ([2l§ and d2T9j) hold then 

E(u;A) = / \ u (x)dfj,(x) 

J A 

for all u G W^' p (X;R m ) and all A £ O(X) with X u £ L\(X) given by 



X u (x) := lim 



E(u;Q p {x)) 



p^o n(Q p {x)) 



To refine the "general" integral representation given by Theorem I2.15[ we need the 
following four conditions: 

(C ) the ^-gradient is closable in W^ p (X;W n ), i.e., for every u £ W^ p (X;W n ) 
and every A £ O(X), if u(x) — for /i-a.a. x £ A then V M u(x) = for 
/i-a.a. i£i; 

(Ci) for every A £ 0(X) and every countable family {Qi}i£i of disjoint open 
balls of A such that /i(dQi) — for all is/ and n(A \ Uj E /Qi) = 0, if 
u £ W^ p (X;R m ) and if, for every i e I, € W££(Q»; R m ), then the 
function w : X — > W n defined by 

u in X \ A 
Vi in Qi 

belongs to W^P(A;W m ), where, for O £ 0(X), 

Wl%{0-W n ) := { W G W^(X;R m ) : w = u in X \ o}; 

(C2) X satisfies a (/ii,p)-Pomcare inequality, i.e., there exists K = K(p,,p, X) > 
such that 

(2.11) (/ KaOl^x)) < P K\ [ \V„v(x)\ p dfx(x) ) 

\Jq p (x) J \JQp(?) J 

for aU p < 1 and all v £ W^Q^a;); K m ), where W^(Q p (x);R m ) corre- 
sponds to W^p(Q p (x); R m ) with u = 0; 
(C3) X satisfies the Vitali covering theorem, i.e., for every A C X and every 
family T of closed balls in X, if inf{/? > : Q p {x) £ J 7 } = for all 
x £ A then there exists a countable disjointed subfamily (J of T such that 
ju(j4 \ U Qeg Q) = (in other words, A C ( U Qeg Q) U iV with = 0). 

Remark 2.16. From Remark 12.51 we see that the /x-gradient is closable in ^l(X;R m ). 
The assumption (Co) asserts that the closability of the ^(-gradient can be extended 
from A(X;R m ) to W^ p (X;R m ). 

Remark 2.17. As p, is a Radon measure, if X satisfies the Vitali covering theorem, 
i.e., (C3) holds, then for every A £ O(X) and every e > there exists a count- 
able family {Q Pi (xj)}j e j of disjoint open balls of A with Xj £ A, g]0, e[ and 
Li(dQ Pt (xi)) = such that ^(A \ U ie iQ Pi (xi)) = 0. 
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Theorem 2.18. Under (J2l§ and (pi)]) , if (C ), (Ci), (C 2 ) and (C 3 ) /ioZd 7 i/ien 
A u (x) = hm inf 1/ L v (V„v(y))dn(y) : v € W^(Q p (x);R m )\ 



If 

n inf < 7- 

>0 1/ Q p (x 



= lim inf ^ L y (V„u(y) + V„tu(i/))d/*(y) : tu G V^(Q p (x); 
/or o// it G W^' p (X;M m ) and /i-a.a. x G X. 

In order to "localize in £" the density formula given by Theorem 12.181 we need to 
consider the three assumptions below. 

(Ax) For every u G W^ p (X;R m ) and /i-a.e. x G X there exists u x G W-^AjR™) 
such that: 

(2.12) V^Uxiy) = Vfj,u(x) for ^-a.a. y G A; 

(2.13) lim \l \u(y) - u x (y)\' } dfi(y) = 0. 

P P J Q p (x) 

(A2) For every x G A, every p > and every i g]0, 1[ there exists a Uryshon 
function y> G -4(A) for the pair (X \ Q p (x), Qt p (x)) such that 

a 



\ D M\l™(X;R n ) < 



p(l-t) 

for some a > 0. 

(A3) The measure is doubling, i.e., p,(Q p (x)) < /3/i(Qg (&)) for some /3 > 1, all 
p > and all x G A. (In particular, X satisfies the Vitali covering theorem, 
i.e., (C3) holds.) We futhermore assume that for /i-a.e. x G A, 

(2-14) lim lim" = 1. 

Remark 2.19. If there is :]0, 1[— >• [1, 00 [ with lim^x 9(t) = 1 such that p(Q p (x)) < 
9(t)p(Q tp (x)) for all p > 0, all x G A and all £ g]0, 1[, then (A 3 ) holds. 

Theorem 2.20. Under (MJ) and QHfy, if (C ), (Gi), (C 2 ), (Ai), (A 2 ) and (A 3 ) 
ftoW, i/ien 

!E(v;A) = / Q Al L ;E (V AI u(x))dM(x) 

JA 

/or 0// it G W^' p (A;R m ) and a« A G 0(A) im'tt S^L* : T™(x) -4 [0, 00] jraen by 
Q M L x {0 := lim inf J / L y (£ + V p w{y))d^{y) : w G W^(Q p (x);K m ) 1 . 

Remark 2.21. According to the classical theory of relaxation, we can say that this 
formula plays the role of the classical Dacorogna's quasiconvexification formula in 
the euclidean Lebesgue setting (see |Dac08j for more details). It is then natural to 
call {Q^Lx} the /x-quasiconvexification (or the quasiconvexification with respect to 
H) of {L x }. 

3. Auxiliary results 

3.1. Interchange of infimum and integral. Let (A,d) be a locally compact 
metric space that is er-compact, let /ibea positive Radon measure on A and let Y 
be a separable Banach space. 
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3.1.1. The /i-essential supremum of a set of \x-measurable functions. Let Ad^A; Y) 
be the class of all closed-valued //-measurable multifunctional]] from A to Y and 
let Ml{A-Y) := {r G M^A-Y) : T{x) ^ for //-a.a. x G A}. The following 
proposition is due to Valadier (see }Val71[ Proposition 14]). 

Proposition 3.1. Let J- be a nonempty subclass of A4* (A; Y). Then, there exists 
T G M*(A;Y) such that: 

(i) for every A G T , A(x) C r(x) for pi-a.a. x G A; 

(ii) ifV G Mfj,(A;Y) and if for every A G T, A (a;) C V'{x) for [i-a.a. x G A, 
then L(x) C L'(x) /or \i-a.a. 

Note that L given by Proposition 13.11 is unique with respect to the equality /i-a.c. 
Valadier called it the //-essential upper bound of T . Here is the definition of the 
//-essential supremum of a set of //-measurable functions. 

Definition 3.2. Let T-L be a set of //- measurable functions from A to Y . By the //- 
essential supremum of % we mean the //-essential upper bound of {{w} : w G H}, 
where {w} : A^Y is defned by {w}(x) := {w(x)}. Thus, if we denote the //- 
essential supremum of % by T, we have: 

(i) {w(x) : w G H} C r(x) for //-a. a 

(ii) if r' G M^(A;Y) and if {w(x) : w £ H} C T'(x) for /i-a.a x G A, then 
L(x) C r'(x) for /t-a.a. x e A. 

The following lemma gives a (classical) representation of the //-essential supremum 
(see (BVggp . 

Lemma 3.3. Lei p > 1 ic a reaZ number, let % C L^(A; Y") and Zet T 6e i/ie //- 
essential supremum of % . Then, there exists a countable subset T> of T~i such that 
L(x) = c\{w(x) : w G T>} for /i-a.a. x G A, where cl denotes the closure in Y . 

3.1.2. Interchange theorem. In what follows, by a Urysohn function for a pair (F, G) 
of disjoint closed subsets F and G of A we mean a continuous function <f> : A — >• R 
such that 0(x) G [0, 1] for all x G A, 4>(x) = for all x G -F and <f>{x) = 1 for all 
x G G. Let p > 1 be a real number and let % C L^A; Y). The following definition 
was introduced in [AHM03 . 

Definition 3.4. We say that T-L is normally decomposable if for every w,w G "H 
and every K, V C A with AT compact, V open and K C V, there exists a Urysohn 
function for the pair (A \ V, K) such that <pw + (1 — <p)w G H. 

Let {Lz} be a field of Caratheodory integrand over A, i.e., to /z-a.e. x e A there 
corresponds a continuous function L x : Y — > [0, oo] so that the function x h4 L x (^) 
is /t- measurable for all £ G V. The following theorem is a consequence of (AHM03 ( 
Theorem 1.1]. 

Theorem 3.5. If % is normally decomposable and if {L x } is of p-polynomial 
growth, i.e., there exists c > such that L x (£) < c(l + £| p ) for all £ G Y and 
all \x-a.a. x G A, then 

inf / L x (w(x))du{x) = / inf L x {^)da{x) 
with T : Azz^Y given by the ^-essential supremum of T-L. 



A multifunction T : Azz+Y is said to be closed-valued if T(x) is closed for /t-a.a. x £ A, and 
/t-measurable if for every open set U C A, {x £ A : r(x) n f7 7^ 0} is /i-measurable. 
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3.2. De Giorgi-Letta's lemma. Let X = (X,d) be a metric space, let O(X) be 
the class of all open subsets of X and let B(X) be the class of all Borel subsets 
of X, i.e., the smallest u-algebra containing the open (or equivalently the closed) 
subsets of X. The following result is due to De Giorgi and Letta (see |DGL77j and 
also [But89[ Lemma 3.3.6 p. 105]). 

Lemma 3.6. Let S : 0{X) — > [0, oo] be an increasing set function, i.e., S(A) < 
S(B) for all A, B £ 0{X) such A C B, satisfying the following four conditions: 

(i) S{%) =0; 

(ii) S is superadditive, i.e., S(AUB) > S(A)+S(B) for all A, B G O(X) such 
that AnB = 0; 

(hi) S is subadditive, i.e., S(A U B) < S(A) + S(B) for all A,B G O(X); 
(iv) there exists a finite Radon measure v on X such that S(A) < v{A) for all 
A G O(X). 

Then, S can be uniquely extended to a finite positive Radon measure on X which 
is absolutely continuous with respect to v. 

4. Proof of the main results 
4.1. Proof of Proposition I2TT01 Wc divide the proof into four steps. 

Step 1. Another formula for E. Let £ : W^' p (X;M. m ) x 0{X) -)• [0,co] be 
defined by 

£(u;A) :=inf [e{v;A) : v G A™}. 
The following lemma makes clear the link between £ and E. 
Lemma 4.1. For every u e W^' p (X;R m ) and every A G O(X), 

(4.1) E(u;A)=M ( lim £{u n ;A) : A(X;R m ) 3 u n ->• u mLP(X;M m )l. 

Proof of Lemma HU Fix u £ W^ P (X; E m ) and A e O(X) and denote the right- 
hand side of flUE]) by £(u; A). As E(v; A) > £(v; A) for all v e A(X; R m ) we have 
E(u; A) > £(u;A). Thus, it remains to prove that 

(4.2) £(u;A) > E(u;A). 

Fix any s > and consider {u n } n C A(X;M. m ) with u n — > u in L p (X;R m ) such 
that £{u; A) + | > lim r _ hoo £ (u n ; A). To every n > 1, there corresponds w„ G »4™ 
such that £(u n ; A) + § > E(w n ; A). Hence «„ -» it in R m ) and £(u; A) + e > 

lisl«^oc E ( v n, A) > E(u; A), and g^)) follows by letting s 0. ■ 

Step 2. Integral representation of the variational functional £. We now 

establish an integral representation for the variational function £ . First of all, it 
easy to see that 

£(u;A)= inf / L x (w(x))diJ 1 (x) 
we-H^(A) J A 

for all u G A(X;W n ) and all A G O(X), where H™(A) is given by 

H™(A) := G L™(A; M mxN ) : w(a;) = Vv(x) for /x-a.a. i£A with v G A™} 
with A™ defined in (|2.4I) . On the other hand, we have 
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Lemma 4.2. The set H™(A) is normally decomposable for all u e W^ p {X;W n ) 
and all Ae 0{X). 

Proof of LemmagH Let u G A(X;W n ) and A G 0(X). Fix K, V C A with 
K compact, V open and K C V, fix w,w G %™(A) and consider v,v G „4™ sucn 
that for /i-a.e. x € A, w(x) — Vv(x) and w(x) = Vv(x). As -4.(X) satisfies the 
Uryshon property, there exists a Uryshon function cp 6 A(X) for the pair (X\V, K). 
Then </> := ip\j± is a Uryshon function for the pair (A \ V, K). On the other hand, 
using (|2.3p we have V(<pv + (1 — = (^Vi; + (1 — (p)Vv + Dip ® (u — u), and 
so V(iy9u + (1 — yj)v)(x) = <j)(x)w{x) + (1 — (j){x))w{x) for /i-a.a. x G A. Moreover, 
+ (1 — ^j)t) G .A™ and consequently 0u> + (1 — <f)w G ■ 

From now on, fix u G A(X;R m ) and A G 0(A). As {L x } is of p-polynomial 
growth, i.e., (|2.9I) holds, and H™(A) is normally decomposable by Lemma 14.21 
from Theorem 13. 51 we deduce that 

(4.3) S(u;A) = f inf L x (C)d^(x) 

with r(-, A) : A=^M mxJV given by the /i-essential supremum of H™(A). 

Step 3. Refining the integral representation of S. Finally, to refine the 
integral representation of £ in (|4.3j) . we need the following lemma. 

Lemma 4.3. T u (x,A) = N™(x) + {V M u(x)} for fi-a.a. x G A. 

Proof. From Lemma I331 there exists a countable subset V U {A) of H™(A) such 
that 

(4.4) T u (x,A) = c\{w(x) : w G V U (A)} for /i-a.a. x G A. 

Fix any w G V U (A). By definition of 7i™{A), there exists v G A™ such that for 
/i-a.e. x G A, w(x) = Vi>(x). But V^i^x) = V^it(x) for /i-a.a. x G A by Lemma 
12.31 hence io(x) = Vw(x) — V M w(x) + V m m(x) for /i-a.a. x G A, where for /i-a.e. 
x G A, Vw(x) - V Al u(x) G A™(x), and so iu(x) G A™(x) + {V M w(x)} for /i-a.a. 
x G A. Thus {w(x) : w G P„(j4)} G A™(x) + {V M u(x)} for /i-a.a. x G A. Using 
flUH) it follows that 

r u (x,A) G A™(x) + {V p u(x)} for /i-a.a. x G A. 

Let F u : X^.M. mxN be the /i-essential supremum of W™ (which corresponds to 
H™(A) with A = X). If to e ?C then w| A G ?C(A), and so r„(x) C T u (x,A) 
for /i-a.a. x £ A because, from Lemma 13.31 r„(x) = cl{u>(x) : w G T) u } for /i-a.a. 
x G A with X> u a countable subset of H™. Hence, the proof is completed by showing 
that 

(4.5) N™(x) + {V Al u(x)} G r u (x) for /i-a.a. x G A. 

For ^-a.e. x G A, let f G NJ?(x) + {V Al u(x)}. Then P^{x){£_ - Vu(x)) = 0, 
hence £ — Vit(x) G N™(x) and so there exists to G (which corresponds to 
H.™ with it = 0) such that £ — Vu(x) = to(x). Setting u) := Vu we then have 
£ = (io + u))(x) withw + w G H™. Thus A™(x) + {V M u(x)} G {w(x) : w G "H™} for 
/i-a.a. x G A, and (|4.5[) follows because, by definition of the /i-essential supremum, 
{w(x) : w G H™} G r„(x) for /i-a.a. x G A. ■ 

This completes the proof of Proposition ^. 101 ■ 
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4.2. Proof of Theorem 12.131 Fix A £ O(X) and define the increasing set T 
W^ p (X;R m ) -> [0,oo] by 



(4.6) T(u) := / L X (V pu{x))dn(x). 

J A 

(Note that T{u) = £(u;A) for all u £ _4(X;R m ), where £{-;A) : W^' p (X;R m ) -> 

[0,oo] is defined in (|2.10p .) From Remark 12.81 we see that {L x } is both p-coercive 
and of p-polynomial growth, i.e., 

(4.7) C|C| P < < c(l + |£D for all $ £ T™(x) and /i-a.a. z £ X 

with C > and c > given respectively by (|2.8p and (|2.9I) . Recalling that is finite 
and using the second inequality in (|4.7I) and the continuity of (see Remark l2.9l) . 
from Vitali's convergence theorem we deduce that J- is continuous with respect to 
the strong convergence in W}' p (X;M. m ). Hence, recalling that A(X;M. m ) is dense 
in Wb p (X; R m ) with respect to the strong convergence in W^ ,P (X; R m ) and taking 
Proposition EH into account, for all u £ W^ p (X;W m ) there is {u n } n C A(X;W n ) 
such that: 

• u n — y u in W*' p (X;R m ) and so u n -> u in LP(X;R m ); 

• J"(u) = limn^oo ^(un) = limbec £(u n ; A) > E{u; A), 

which shows that T > E(-;A). Define J 7 "', : W^ P (X; R m ) ->• [0, 00] by: 



:= inf j lim _F(u„) : u„ -» u in R ro ) 1; 

7 S (it) := inf j lim J"(u„) : w„ -> u in LP(X;R" 



Since is convex for /x-a.a. a; € X, the functional J 7 is convex, and so J 7 = T 
because T is strongly continuous in W^' p (X;M. m ). On the other hand, consider 
u £ W^ p (X;W l ) and {u n } n C W^' p (X;R m ) such that u n -> u in L£(X;R m ) 
and lim TO _ j . 00 J-(u„.) = linin^oo J-{u n ) < 00. Using the first inequality in (|4.7|) we 
deduce that sup n ||Mn||^ 1 ' p (X B m ) < 00 > hence (up to a subsequence) u„ — u in 
W^ p (X;R m ) because W^ p (X;R m ) is reflexive (since p £]1, oo[, see Remark [232) , 
and so lim T1 ^^ T(u n ) > T (u). Thus J 7 > J 7 and consequently J 7 = J 7 because 
J 7 > J 7 . As £(■; A) > T we have £(•; A) > J 1 by using Proposition [2T0l and the 
proof is complete. I 

Remark 4.4. From the proof of Theorem 12. 131 we can extract the following lemma 
which asserts that for A £ 0(X) and when (12. 9[) is satisfied, is the lower 

semicontinuous envelope of T defined in (|4.6|) with respect to the strong convergence 
inL£(X;R ro ). 



Lemma 4.5. // (12.9[) ftoZds </ien 

(4.8) £(u; A) = inf j lim f L x (V„Un{x))dn{x) : W^ P (X; R m ) 3 u n 3 
/or a// it £ WMX;R m ) and all A £ 
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4.3. Proof of Theorem l27i~5l Fix u e W^ p (X;W n ) and define S u : O(X) -» 
[0, oo] by 

S U (A) :=E{u;A). 

Taking Lemma |4~51 into account and using the second inequality in (|4.7p we see that 

(4.9) S U {A) < [ c(l + |V Al ii(a;)| p )^(a;) for all A e 0{X). 

J A 

Thus, the condition (iv) of Lemma [3761 is satisfied with v = c(l + |V M u| p )ci/i (which 
is absolutely continuous with respect to /z). On the other hand, it is easily seen that 
the conditions (i) and (ii) of Lemma l3.6l are satisfied. Hence, the proof is completed 
by proving the condition (iii) of Lemma 13.61 i.e., 

(4.10) S U (A U B) < S U (A) + S U (B) for all A,B e 0(X). 

Indeed, by Lemma 13. 6[ the set function S u can be (uniquely) extended to a (fi- 
nite) positive Radon measure which is absolutely continuous with respect to /i, 
and the theorem follows by using Radon-Nikodym's theorem and then Lebesgue's 
differentiation theorem. To show (|4.10l) we need the following lemma. 

Lemma 4.6. // U, V,Z,T £ O(X) are such that 1 CU and T CV, then 

(4.11) S U (ZUT)<S U (U)+S U (V). 

Proof of Lemma 14.61 Let {u n } n and {v n } n be two sequences in „4(X;R m ) such 
that: 

(4.12) u n ~^um L 1 ^ (X;R m ); 

(4.13) w„^uin LP(l;M m ); 

(4.14) lim / L x (Vu n {x))dfi{x) = S U (U) < oo; 

Ju 

(4.15) lim / L x (Vv n (x))dfi(x) = S U (V) < oo. 

Fix S g]0, dist(Z, dU) [ with dU :— U\U, fix any n > 1 and any q > 1 and consider 
W[~ , C X given by: 

• W- := Z~ (! + ^) ={xeX: dist(x, Z) < § + 

. W+ := Z+ (| + |f) = [x G X : § + g < dist(x,Z)} , 

where i € {1>*" i?}- As satisfies the Uryshon property, for every i £ 

{1, • • • ,q} there exists a Uryshon function ipi 6 .4(X) for the pair (W^W"). 
Define < G ^(X;R m ) by 

io* := + (1 - ^O^n- 
Setting Wi~X\ (Wr U W+) and using dSZHJ) and d2T2j) we have 

( Vu n in Wr 

V< = < Dtpi ® (u n - v n ) + ip t Vu n + (1 - <fi)Vv n in Wi 
{ Vv n \nW+. 
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Noticing that ZUT = ((Z\JT)nW-)U(WnW l )L>(TC\W t + ) with (ZUT)nWr c U, 
T n C V and W := T n {x € C7 : f < dist(a:, Z) < ^} we deduce that 



(4.16) / L x (Vw l n )d/j, < / L x {Vu n )dfi+ / L x {Vv n )dn 

JZuT JU JV 

JwnWi 

for alii € {1, • • • , q}. Moreover, from (|2.9I) we see that for each i 6 {1, • • • , q}, 
(4-17) / L x (Ww l n )dfi < a\\Dipi\\ p Loo(x . MN) \\u n -v n \\ p P( , 

+a / (l + |V U „| p + |V Un nd/i 
./WTiWj 

with a := 2 2p c. Substituting (|4~TT1) into (|4"Ti)|) and averaging these inequalities, it 
follows that for every n > 1 and every g > 1, there exists i„ i9 G {1, • • • ,<?} such 
that 

/ L x (Vw^'")dfi < / L x (Vu n )dfi+ / L x {Vv n )dfi 

JZuT JU JV 

a q 

q i=l 

+ ^ (n(X) + J \Vu n \ p dn + J \Vv n \ p d^j . 
On the other hand, by (|4~T2"j) and P~T5jl we have: 

• lir^ IK"'" - MIl^x-m™) = for a11 ? > !■ 

Moreover, using (14. 14|) and (|4.15l) together with (|2 .8[) we see that: 

• lim / \\/u n (x)\ p d/i(x) < oo; 

• lim / |Vw„(a;)| p (i/i(a;) < oo. 

Letting n — > oo (and taking (|4.14j) and f)4. 15[) into account) we deduce that for 
every q > 1, 

(4.18) S u (ZUT)<\jm[ L x (Vw%-< (x))dfi(x) < S U (U) + S U (V) + - 

n— toe J ZUT 1 

with a := a(p(X) +lim„-».oo | Vu„(a;)| p G^(x) + lim n _ i . 00 J y | Vw„(a;)| f> (i^(x)), and 
(14.111) follows from (14.18)) by letting q ->• oo. ■ 

We now prove (|4TTUj) . Fix A,Be D(X). Fix any e > and consider C,D £ 0{X) 
such that C C A, D C B and 

c(l + |V A1 M(x)| p )d^(s) <e 



with E:=iUB\CUi}. Then <S tt (.E) < e by 1|P)> . Let C,D E 0{X) be such 
that C C C, C C A, D C £> and D C B. Applying Lemma ELTjI with U = C U D, 
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V = T = E and Z = C U D (resp. U = A, V = B, Z = C and T = D) we obtain 

S U (A UB)< S U (C UD)+e (resp. S U (C U D) < S U {A) + S U (B)), 
and (|4.10|) follows by letting e — ¥ 0. ■ 

Remark 4.7. The method used in the proof of Lemma l4~6l is a variant of the so-called 
De Giorgi's slicing method. Note that the proof of Lemma 14.61 can be rewritten 
(exactly in the same way) in considering (|4.8|) together with (|4.7[) . in using (|2.5j) 
and (|2.6I) instead of (|2.3I) and (I2.2j) . and in replacing (in the text of the proof) the 
integrand "L x " by tt L x " , the space "A(X;M. m )" by "W^ P (X; JR m )" , the operator 
"D" by "D^" and the operator "V" by "V^" . On the other hand, by De Giorgi's 
slicing method we can also establish the following result. 

Lemma 4.8. If (|4.7p holds (which is the case when (12.81) and (|2.9|) are satisfied) 
then 

(4.19) E(u; A) = inf j lim / L x (V M Un(*))d/i(a:) : ^(^5 K ™) 3 «n ^ 4 
/or a« u g W^'PpfjR™) and a// A E O(X), where 

W^ u (A;R m ) := [v E W^(X;R m ) :v = uinX\A}. 

Proof. Fix u E W^ p (X;R m ) and A E O(X) and denote the right-hand side of 
(|4~T9|) by £ (u; A). Taking LemmalPlinto account and noticing that Wfc*(A; M m ) C 
W^ P (X; R m ) we have £(u; A) > ~E(u; A). Thus, it remains to prove that 

(4.20) £{u;A) < E(u;A). 
Let {«„}„ C W^ p (X;M. m ) be such that 

(4.21) u n ^um LP (X;W n ); 

(4.22) lim / L x (S7uU n (x))dfi(x) =~E{u\ A) < oo. 

Fix (5 > and set A$ := {x G A : dist(x, cL4) > <5} with cM := A\ A Fix any n > 1 
and any q > 1 and consider W^ - , C X given by 

• W- := AJ (I + fcf ) ={x£X: dist(x, Aj) < § + ^}; 

. := A+ (| + ||) = {x e X : I + || < dist^Aj)}, 

where i E {1, ■•• ,q}. (Note that Wf C A) As -4(X) satisfies the Uryshon 
property, for every i E {1, ■ • • , q} there exists a Uryshon function ipi E A(X) for 
the pair (W+,W~). Define < E W^P(A;W n ) by 

w l n := (fiiU n + (1 - ifii)u. 
Setting Wi := X \ (W~ U W+) C A and using ([22]) and ([12]) we have 

!V^„ in W~ 

Dfifi ® {u n — u) + <p i '\7 fJ ,u n + (1 - ^,:)V p u in Wj 
V m m in V^+. 
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Noticing that A = W~ U Wi U (A n W t + ) we deduce that for every i € {1, • • • , q}, 

(4.23) / L x (\7 ^w l n )dn < / L x {V^u n )dfi+ / L x (V p «)d/x 
,/A JA JAnwf 

L X (V ^,w % n )dfj,. 

Wi 

Moreover, from the second inequality in (|4.7p we see that for each i G {1, ■ • • ,q}, 

( 4 - 24 ) / L x (V^w l n )dfi < a\\D^(pi\\l^, x . KN) \\u n -u\\ P LP(x . Mm) 

JWi * ' ' 

+a / (H-|V^«nl p +|V^«| p )d/i 

with a := 2 2p c. Substituting P~2"If into P~2"3"|) and averaging these inequalities, it 
follows that for every n > 1 and every q > 1, there exists i„ i9 G {1, ••■ ,q} such 
that 

L X (V !j,w^- q )dfj, < f L x (V /J it„)d/i+ - / L x (y^u)dfi 
J a 1 J A 



— X] II^V , i|li«.(X;R~')ll U n _ U Hz,£(X;R m ) 
JA Ja 



a 



q 

On the other hand, by (|4.21l) we have 

hm - u\\ P LUx . Mm) = for all q > 1. 

Moreover, using (|4.22[) together with the first inequality in (|4.7p we see that 

lim / |V uU n (x)\ p 'dn(x) < oo. 

n ^°° J A 

Letting n — > oo (and taking (I4.22p into account) we deduce that for every q > 1, 

(4.25) £{u\A)< lim f L x (V fi w^")d^<E(u;A) + - [ L a (V M u)d/x + - 

with d := a( KA > + lim^oo / A |V M w n (x)| p ^(a;) + / A |V M u(a;)| p d/i(a;)), and g^Ol) 
follows from (I4.25[) by letting g — >• oo. ■ 

4.4. Proof of Theorem I27L81 The proof is adapted from [BFM981 Lemmas 3.3 
and 3.5] (see also jBBOO) §2]). Fix u G W^ p (X;K m ) and define the set function 
m u : O(X) -> [0, oo] by 

m u (A) := inf ( / L x (V^»(a;))d/i(a;) : v G ^(a;!" 1 ) 



For each e > and each A G O(X), denote the class of all countable family 
{Qi '■= Qpi{%i)}iei of disjoint open balls of A with Xi G A, pi = diam(Qi) G]0,e[ 
and p,(dQi) = such that p{A\l) ieI Q l ) = by V e (A), consider m e u : 0(X) -4 [0, oo] 
given by 

<{A) := inf jgm^Qi) : {Q t } ieI G V e (A)| 
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and define m* : O(X) ->• [0, oo] by 

m* u (A) := supm e u (A) = lim m E u (A). 



MO 



(Note that as X satisfies the Vitali covering theorem, see (C3) and Remark 12.171 
we have V £ (A) + for all A e 0(X) and all e > 0.) 

Step 1. We prove that m* (A) = E(u; A) for all A G 0(X). Taking Lemma 
14.81 into account, it is easy to see that m u (A) < E(u;A) and so m*(^4) < E(u; A) 
(because in the proof of Theorem l2.15l it is established that E(u; •) can be uniquely 
extended to a finite positive Radon measure on X). Hence, it remains to prove that 

(4.26) E{u-A)<m* u {A) 

with m*(A) < 00. Fix any e > 0. Given A E 0{X), by definition of m e u (A), there 
exists {Qi}iei 6 V e (A) such that 

(4.27) ^m„(Q l )<n4(A) + ^. 

Given any i g I, by definition of m u (Qi), there exists Vi e Wh^ l {Qi\W n ) (which 
means that V{ — u e W'q (Qi] W n )) such that 

Qi 

Define u £ : X -)• M m by 

u in X \ A 
Vi in Q t . 

Then u e £ W^;P(A;R m ) by (Ci). Moreover, because of (C ), V M u e (a;) = V p w 4 (a 
for /x-a.a. x G Qi. From (|4.27|) and ()4.28p we see that 



(4.28) / L x {V^Vi{x))dii(x)<m u {Qi)+ ^^.^ 



(4.29) / L a .(V / ,« e (a;))d/*(x) <m^(A) + e. 

JA 

On the other hand, — u\\ P LP ^ x . Rm ^ — \u £ — u\ p d^i — Iq \ v i ~ u\ p d^i. As 
X satisfies a (^,p)-Poincare inequality, see (C2) and (|2.11[) . and diam(Qi) G]0,e[ 
for all i € I, we have 

(4.30) \\u e - u\\ p LUx . Mm) < K p e p J2 I \^ ^ - V „u\ p dn 

< 2 P K p s p (j2j Q \^M P d^ + J A \^M P d^j 

with K > 0. Taking the first inequality in (|4.7I) and (|4.27|) into account, from (|4.30j) 
we deduce that 



< 2 p K p e p (^(ml(A) + e) + J \V^u\ p d^ 



which shows that u £ — > u in L p (X; R m ) as e — > because lim e _j. m u(A) = m* (A) < 
00, and (|4.26l) follows from (|4.29l) by letting e -)■ (and by noticing that 25(«; A) < 
lim £ ^ J A L x (V Al w e (x))(i^(a;)). 
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Step 2. We prove that lim m '^ p t {x l ) = lim m "(Qp^» f or u-a.a. x £ X. 



From Step 1 we have m* = E(u; •), hence m* > m u and so lim p ^o "^q ( x )) — 

m.,(9p(i)) 



lini p _j.o "^oV^ f° r M _a - a - ^ £ -X"- Thus, it remains to prove that 



( A o-n ,. °<(gp(g)) ^ r ™«(QpM1 * ^v 

(4.31) lim — < hm — 7 tor u-a.a. x G X. 

p^o p,{Q p (x)) p^o p{Q P {x)) 

Fix any t > 0. Denote the class of all open balls Q p (x), with a; G X and p > 0, 
such that m*(Q p (x)) > m u (Q p (x)) + tfi(Q p (x)) by ft and define N t C X by 

JV t := e X : V<5 > 3p e]0,<5[ Q p (aj) G ft}. 

Fix any e > 0. Using the definition of AT t , we can assert that for each x G K 
there exists {p x .n}n c]0,e[ with p Xt „ — > as n —> oo such that for every n > 1, 
fJ'(dQ Pxin (x)) = and Q P;Ci „(x) G ft. Consider the family Jo of closed balls in X 
given by 

Jo '■= |Q Px n (ic) : x G iV"t and n > l} . 

Then inf {r > : Q r (x) 6 Jo} =0 for all x £ N t . As X satisfies the Vitali covering 
theorem, there exists a disjointed countable subfamily {Qi}i<£i of closed balls of 
J-"o (with fi(dQi) = and diam(Qi) G]0,e[) such that 



N t c ( U Qi) U (N t \ U Q 4 ) with fi(N t \ U Q,) 



= 0. 



If /i( Ui e j Q^) = then (|4.31[) will follows. Indeed, in this case we have n(N t ) = 
0, i.e., fi(X \ N t ) = /i(X), and given x G X \ N t there exists (5 > such that 
m* u (Q p (x)) < m u (Q p (x)) + t^{Q p (x)) for all p e]0,S[. Hence lim p ^ n ^gfg 1 < 
lim p ^ ^fq/fif) + t for all t > 0, and (|PTj) follows by letting t -> 0. 

To establish that /i( Ui £ / Q 4 ) = it is sufficient to prove that for every finite subset 
J of J , 



(4.32) p(u jQl ) 



= 0. 



As X satisfies the Vitali covering theorem and X \ U;e,/ Q i is open, there exists a 
countable family {Bi}i £ i of disjoint open balls of X \ U; e j Q i; with /j,(dBi) = 
and diam(J?i) g]0, e[, such that 



0. 



(4.33) M ( (X \ U Qi ) \ U *,) = M (X \ ( U, *) U ( U, Qi) ) 

Recalling that m* is the restriction to 0(X) of a finite positive Radon measure 
which is absolutely continuous with respect to fi, from (|4.33|) we see that 

<(*) = XX(i*o+xx(Qi). 

Moreover, Qj G ft for all i G J, i.e., m*(Qi) > m u (<2j) + tp,(Qi) for all z G J, and 
m u ^ m M> hence 

m;(X) > J2™u(Bi) +J2™u(Q t ) + t^i [UjQ 



iei ieJ 
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As {B l } ieI U {Qi} te j £ V e {X) we have £ lG / m 4 B + E ie j m «(<90 > <P0, 
hence m* (X) > i<(X) + tp(U ieJ Q;), and (|432|) follows by letting e^O.I 

4.5. Proof of Theorem 12.201 Taking Theorem 12.181 into account it is sufficient 
to prove that for every u £ W^' p (X;M. m ) and /i-a.e. x £ X, we have: 

(4.34) lim ^jffiff < lim ^RMl . 

(4.35) lim — > hm — , 

p^o fi(Qp(x)) p^o n(Qp(x)) 

where u x £ W^(X;R m ) is given by (A x ) (and satisfies (|2~T2"j) and (033} ) and for 
each z € W^ p (X;R m ), m z : -> [0, oo] is defined by 



= inf ( / L„(V M z(») + V„«;(»))d/x( tf ) : «; G <' P (A; R m ) 



Remark 4.9. From the proof of Theorem 12.181 we can assert that for every z £ 
W^P(X;M. m ), the set function m* : 0{X) -> [0, oo] given by 

n£(.A) := sup inf iV]m,(Q i ) : {Qi} ie / G V e (A) I 

(where V E (A) denotes the class of all countable family {Qi}iei of disjoint open balls 
of A with diam(Qi) G]0,s[ and p{dQi) = such that fj,(A \ Ui e /Qj) = 0) is the 
restriction to 0(X) of a Radon measure on X which absolutely continuous with 
respect to p. Moreover, m* > m 2 and 

(4.36) lim = l im ^^f. 

We only give the proof of (|4.34[) . As the proof of (|4.35l) uses the same method, its 
detailled verification is left to the reader. 

Proof of (|4.34p . Fix any e > 0. Fix any t G]0, 1[ and any p g]0, e[. By definition of 
m u x (Qtp( x ))i where there is no loss of generality in assuming that p(dQt p {x)) = 0, 
there exists w £ W^(Q tp (x); R m ) such that 



(4.37) / L y (Vpu(x) + V fi w(y))dfj,(y) < m Um (Q tp (x)) + e{i(Q p (x)) 
JQt P (x) 

< <AQ P {x)) + £v(Qp(x)), 

where we have used both the fact that m Ux < m* and m* is increasing (see 
Remark 14. 9p . From (A2) there exists a Uryshon function ip £ A(X) for the pair 
(X \ Q p (x), Q tp (x)) such that 

(4-38) \\DM\ L » iX]M ») < 

for some a > (which does not depend on p). Define v £ W^' P (Q p (x);M. m ) by 

v := (pu x + (1 — tp)u. 
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Using ()2.5[) and (|2.6p we have 



V p u(ir) in Q tj0 (x) 

D^ip ® — «) + ^V M u(x) + (1 - tp)V p u in Q p (a;) \ Q tp {x). 



As w e W^(Q tp (x)]R m ) we have u + w G W^;P(Q p (x); M m ). Noticing that 
v(dQt p {x)) = and, because of (Co), W^w(y) = for /i-a.a. y e Q p (x) \ Q tp (a;) 
and taking (|4.37p , the second inequality in (|4.7[) and (I4.38[) into account we deduce 
that 



AHVpW; J q p (x) 

' L y (\7 p u(x) + V^dfi 



1 



Q tp (z) 

Ly(\I p v)dn 



< 



ViQp(x)) jQ p (x)\Q tp (x) 

fJ.(Q p (x)) 

+ 2^c[-^—H \u-u x \^ + 
\{l-t)P pPj Qp(x) 



A P,t 



with 



Ap, t ~ M(Q» \ Q tp (a;))|V /1 u(a;)|P + / |V M u|^. 

jQp(x)\Qt P (x) 



As /i is a doubling measure, see (A3), we can assert that 



/ ||v M u(y)l p -|v^( a; )r]dM(j/) = o. 



lim 



But 



+y ||v p «(»)| p - 1 VX^I 1, 1 ''/'(//.) 



Qp(z) 



and so 

(4.40) lim ^ - < 2 fl - to fl ^ X }} ) \VMx)\ p . 

Letting p -)• in (|4.39l) and using (|2.13l) and (I4.40[) we see that 

Um m (Q (,)) ^ m; (Q (,)) ^ g / _ _ n(Q tp (x)) s ^ 

Letting t — >• 1 and using (|2.14l) we conclude that 

m u (Q p (a;)) r< x (Q P (a;)) 

lim *c lim + c 

p^o fx(Q p (x)) ~ p^o fi(Qp(x)) 

and (taking (|4.36p into account) (|4.34[) follows by letting e — > 0. ■ 
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